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OBTAINING ABELIAN HOPF GALOIS STRUCTURES
FROM FINITE COMMUTATIVE NILPOTENT RINGS
LINDSAY N. CHILDS
Abstract. Let L/K be a Galois extension of fields with Galois
group G ∼= (Fnp ,+), an elementary abelian p-group of rank n for
p an odd prime. It is known that nilpotent Fp-algebra structures
A on G yield regular subgroups of the holomorph Hol(G), and in
turn Hopf Galois structures on L/K. In this paper we describe
these structures in two cases. If A3 = 0 the corresponding regular
subgroup yields Hopf Galois structures directly, without translat-
ing from Hol(G) to Perm(G). We determine the number of Hopf
Galois structures that arise when dim(A2) = 1, which yields a
new lower bound on the number of Hopf Galois structures on L/K
when n = 4. We also look at the case when dim(A/A2) = 1.
1. Introduction
In 1969, Chase and Sweedler defined the notion of a Hopf Galois
extension of fields by abstracting the formal properties of a classical
Galois extension of fields. In 1987, Greither and Pareigis discovered
that a classical Galois extension L/K of fields with Galois group G
could also be a Hopf Galois extension for a K-Hopf algebra H other
thanH = KG, the group ring of the Galois group, acting in the obvious
way on L. [GP87] showed that determining the number of Hopf Galois
structures on L/K depends solely on the Galois group G: more pre-
cisely, they correspond to regular subgroups of the permutation group
of G that are normalized by the image λ(G) of the left regular repre-
sentation of G in Perm(G).
Since the appearance of [GP87] there has been a fairly steady se-
quence of papers studying the number of Hopf Galois structures on
a Galois extension of fields L/K with Galois group G. These range
from Byott’s uniqueness paper [By96] and his theorem [By04] that if G
is a non-abelian simple group then L/K has exactly two Hopf Galois
structures, to papers that describe large numbers of Hopf Galois struc-
tures on L/K for suitable Galois groups G. A recent example of the
latter is [Ch15], which showed that the number of abelian Hopf Galois
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structures on L/K where G is elementary abelian of order pn, p an odd
prime, is a number asymptotic to pb where b = (2/27)n3, as n goes to
infinity.
But there has been relatively little work that says much about what
the Hopf Galois structures look like. The case where G has order
p2 was handled by Byott [By02], the Hopf algebras corresponding to
the Hopf Galois structures on a cyclic Kummer extension of degree
pn were studied in [Ch11], and in [Ko07], [Ko13], and [Ko16] Kohl
works entirely within the Greither-Pareigis setting. Other examples are
rare. Counting Hopf Galois structures on a field extension with Galois
group G is made easier by translating the problem of finding regular
subgroups J of Perm(G) that are isomorphic to a given group N and
are normalized by λ(G) to a problem of finding regular subgroups T of
Hol(N). This translation from Perm(G) to Hol(N) was first codified in
[By96], and has been the approach of choice for most papers devoted
to counting Hopf Galois structures.
Let L/K be a Galois extension of fields with Galois group G ∼=
(Fnp ,+). This is the third paper to apply the result of [CDVS06] that
relates commutative nilpotent Fp-algebra structures A on G to regular
subgroups of the holomorph of G ∼= (Fnp ,+), and hence to Hopf Galois
structures on L/K. The first was [FCC12], which proved that if N
is a regular subgroup of Hol(G) of p-rank m where m + 1 < p, then
N ∼= G, thereby limiting the type of abelian Hopf Galois structures on
L/K. In [Ch15], we used results on the number of isomorphism types
of nilpotent algebras of dimension n for large n to obtain asymptotic
results on the number of Hopf Galois structures on L/K for large n, in
part by specializing to algebras A with A3 = 0. The number of isomor-
phism types of commutative nilpotent Fp- algebras A of dimension n
with A3 = 0, the number of Hopf Galois structures on a Galois exten-
sion with Galois group G ∼= (Fnp ,+), and the number of isomorphism
types of all commutative nilpotent dimension n Fp-algebras are all as-
ymptotic to p
2
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n3 as n goes to infinity. A fourth, [Ch16b], will study
the Galois correspondence for Hopf Galois extensions that correspond
to nilpotent algebra structures.
In this paper we begin studying the Hopf Galois structures on L/K
themselves. We observe that if (G,+) is a finite abelian p-group, p ≥ 5
and A is a commutative nilpotent ring structure on (G,+) with A3 = 0,
then all regular subgroups of Hol(G) ⊂ Perm(G) arising from A are
normalized by λ(G) and isomorphic to G. Thus if L/K is a Galois ex-
tension of fields with Galois group G, then the nilpotent ring structure
A on G yields a Hopf Galois structure on L/K directly by descent, as
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in [GP87], avoiding the translation from the holomorph to the permu-
tation group. The process of going from the commutative nilpotent
algebra to the descent data needed to describe the Hopf Galois struc-
ture is straightforward.
In particular, we determine the isomorphism types of commutative
nilpotent Fp-algebras A of dimension n with A
3 = 0 and dim(A2) = 1,
and determine the number of regular subgroups of Hol(G) associated
to each isomorphism type. For n = 4 this approach yields more than p9
regular subgroups. We describe the Hopf Galois structure on L/K cor-
responding to each regular subgroup arising from a given isomorphism
type of algebra.
In a final section we obtain the data needed to construct, by descent,
a Hopf Galois structure on a Galois extension L/K with Galois group
G ∼= (Fnp ,+) where the corresponding nilpotent algebra A has basis
{x, . . . , xn} with xn+1 = 0. These examples include the only degree 3
commutative nilpotent algebra A which does not have A3 = 0, hence
is the only algebra for which the corresponding regular subgroups are
not normalized by λ(G), and so the data for constructing the Hopf
Galois structure must be obtained by translating from the holomorph
to Perm(G). This section complements results in [Ch07], which de-
termined the number of Hopf Galois structures corresponding to such
algebras.
Throughout, let L/K be a Galois extension of fields with Galois
group Γ, an elementary abelian p-group of order pn, p an odd prime.
For a finite abelian p-group G with operation +, a ring structure A =
(G,+, ·) on G will be called nilpotent if A is commutative, associative
and nilpotent: Am = 0 for some m > 1.
This note was inspired by a remark by Tim Kohl that for G abelian
many regular subgroups of Perm(G) normalized by λ(G) can be found
inside Hol(G). Many thanks to him for sharing his enthusiasm with
me.
2. Hopf Galois structures when A3 = 0
Let G be a finite abelian p-group, written additively. We use the
idea, due to Caranti, Dalla Volta and Sala [CDVS06], c. f. [FCC12],
that regular subgroups of Hol(G), the holomorph of G, correspond
to commutative, associative nilpotent ring structures on the additive
group (G,+).
Let A be a nilpotent ring structure (G,+, ·) on G. Define a new
group structure on the set G, call it (G, ◦), by
x ◦ y = x+ y + x · y.
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Then it is obvious that ◦ is commutative, and easy to see that ◦ is
associative. The element 0 is the additive identity, and the inverse of
x is
−x+ x2 − x3 + . . . ,
a finite sum since A is nilpotent. Then N = (G, ◦) is the group associ-
ated to A. Define an embedding
τ : N → Perm(G)
by
τ(x)(z) = x ◦ z = x+ z + x · z
for all z in G. Then τ is a homomorphism, because
τ(x)τ(y)(z) = τ(x)(y ◦ z) = x ◦ (y ◦ z)
= (x ◦ y) ◦ z = τ(x ◦ y)(z).
So T = τ(N) is a regular subgroup of Perm(G) because τ(x)(0) =
x ◦ 0 = x for all x in G. Moreover, τ(N) ⊂ Hol(G) the normalizer of
λ(G) in Perm(G), because λ(z)(w) = z + w for y, w in (G,+), and so
τ(x)λ(z)(w) = λ(z + x · z)τ(x)(w)
for all w in G.
A key observation of this paper is:
Proposition 2.1. Let (G,+) be an abelian p-group of finite order pn,
and let A = (G,+, ·) be a nilpotent ring structure on (G,+). Let
N = (G, ◦) and let τ be the associated regular embedding of N in Hol(G)
with T = τ(N) ⊂ Perm(G). Then T is normalized by λ(G) if and only
if A3 = 0.
Proof. We have that for all z in G,
τ(x)(z) = x+ z + x · z
while
λ(y)(z) = y + z.
Suppose for each x, y in A there is some w in A so that
λ(y)τ(x)λ(−y) = τ(w).
Applied to an element z of G, the left side is
λ(y)τ(x)λ(−y)(z) = y + τ(x)(z − y)
= y + x+ (z − y) + x · (z − y)
= x+ z + x · z − x · y.
The right side is
w + z + wz.
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So for all z in A, we must have
x+ z + x · z − x · y = w + z + w · z.
In particular, for z = 0, we have
x− x · y = w.
Then for all z in A, we must have
x− x · y + x · z = x− x · y + x · z − x · y · z.
This holds if and only if x · y · z = 0. Thus if A3 = 0, then for all x, y
in A,
λ(y)τ(x)λ(−y) = τ(x− x · y)
so T is normalized by λ(G). But if A3 6= 0, there exist x, y in A so
that λ(y)τ(x)λ(−y) is not τ(w) for any w in A, and so T = τ(N) is
not normalized by λ(G) in Perm(G). 
We identify the corresponding Hopf Galois structures:
Corollary 2.2. Let L/K be a Galois extension with Galois group G,
an abelian p-group of order pn. Let A = (G,+, ·) be a commutative
nilpotent ring structure on (G,+) and suppose A3 = 0. Let T ∼= (G, ◦)
be the regular subgroup of Hol(G) ⊂ Perm(G) corresponding to A. Then
T yields a Hopf Galois structure on L/K by a K-Hopf algebra H, where
i) H is the fixed ring of LT under the action of G:
H = LTG = {
∑
x∈G
bxτ(x) : bx−x·z = b
z
x for all z in G};
ii) H acts on L by
(
∑
x∈G
bxτ(x))(a) =
∑
x∈G
bxa
−x+x2
for b, a in L.
Proof. Let {ez : z ∈ G} be the dual basis to the basis G of the group
ring L[G]. The action of T on GL =
∑
z∈G Lez is by
τ(x)(ez) = ex◦z
for x in G. This yields an action of the group ring LT on GL making
GL an LT -Hopf Galois extension of L. Since λ(G) acts on T by
λ(z)τ(x)λ(−z) = τ(x− x · z),
the corresponding K-Hopf algebra is
H = LTG = {
∑
x∈G
bxτ(x) : bx−x·z = b
z
x for all z in G}
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where for a in L and y in G, ay is the image of a under the Galois
action of y on L, and H acts on GL by
(
∑
x∈G
bxτ(x))(
∑
y∈G
ayey) =
∑
x,y∈G
bxayex◦y.
Now L embeds in GL by
a 7→
∑
y∈G
ayey.
So the action of H on L is by
(
∑
x∈G
bxτ(x))(a) =
∑
x,y∈G,x◦y=0
bxa
y.
Since x3 = 0, x ◦ (−x + x2) = 0, and so the action of H on L can be
written
(
∑
x∈G
bxτ(x))(a) =
∑
x∈G
bxa
−x+x2.

There is no a priori reason why (G, ◦) and hence T should be isomor-
phic to G, so that H has type G. But it is true: we note the following
variant of Theorem 1 of [FCC12]:
Proposition 2.3. Let p > 3 be an odd prime and G = (G,+) be a
finite abelian p-group of order pn. Let A = (G,+, ·) be a commuta-
tive nilpotent ring structure on (G,+) and suppose A3 = 0. Then the
regular subgroup N = (G, ◦) of Hol(G) ⊂ Perm(G) is isomorphic to
(G,+).
The statement of Theorem 1 of [FCC12] replaces the condition A3 =
0 in Proposition 2.3 by the condition that the p-rank m of G should
satisfy m+ 1 < p. The proof of Proposition 2.3 is essentially the same
as that of Theorem 1 of [FCC12]. The only change is that the condition
A3 = 0 implies that ap = 0 for all a in A, which slightly simplifies the
proof in [FCC12] by eliminating the need to apply a condition on the
p-rank of G to insure that ap does not interfere with the induction
argument.
3. Working in the affine group
For the remainder of the paper we restrict G to be an elementary
abelian p-group of p-rank n > 1. For such groups G there are non-
trivial commutative nilpotent ring structures A on G with A3 = 0.
In fact, as shown in [Ch15], the number of isomorphism types of such
structures is bounded from below by pb where b = O(n3).
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Each such ring is an Fp-algebra. Let dimFp A/A
2 = r and dimFp A
2 =
n− r. Given an Fp-basis (x1, . . . , xr) of A/A
2 and a basis (y1, . . . yn−r)
of A2, the multiplicative structure of A with those bases is given by
a set Φ(k) = (φ
(k)
ij ) of r × r matrices with coefficients in Fp, by the
equations
xixj =
n−r∑
k=1
φ
(k)
i,j yk.
The group structure (G, ◦) on G arising from (A,+, ·) depends on the
matrices {Φ(k)}, and hence so does the regular subgroup T of Perm(G).
It is convenient to view Hol(G) as the affine group Affn(Fp) and
realize the regular subgroup T inside Affn(Fp).
Let Affn(Fp) be the subset of GLn+1(Fp) consisting of matrices of the
form (
B v
0 1
)
,
where B is an n × n matrix, v is a column vector in Fnp , 0 is a n-row
vector of zeros and 1 is a 1× 1 identity matrix. Then Affn(Fp) may be
identified as the holomorph Hol(Fnp ) = λ(F
n
p ) · Aut(F
n
p ) of the additive
group Fnp , where the matrices (
P 0
0 1
)
with P in GLn(Fp) form the subgroup Aut(F
n
p ) of Hol(F
n
p ), and matrices(
I x
0 1
)
for x in Fnp form the subgroup λ(F
n
p ).
Let A = (Fnp ,+, ·) be a commutative nilpotent Fp-algebra of dimen-
sion n. The circle product on Fnp by
x ◦ y = x+ y + x · y
yields a group N which embeds as a regular subgroup of Affn(Fp) as
follows:
Let τ(x) be the function from Fnp to F
n
p given by τ(x)(y) = x ◦ y =
x+ y+x · y. Write τ(x)(y) = x+ y+Lx(y), where Lx(y) = x · y. Then
Lx is a linear function from F
n
p to F
n
p , so has a matrix relative to the
standard basis of Fnp that we also call Lx.
Then τ(x) in Affn(Fp) becomes the n+ 1× n+ 1 matrix
Tx =
(
I + Lx x
0 1
)
,
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because for any y in Fnp , we have
Tx
(
y
1
)
=
(
y + Lx(y) + x
1
)
=
(
y + x · y + x
1
)
=
(
τx(y)
1
)
.
4. The case r = n− 1
We consider the class of examples where dim(A) = n, dim(A2) =
1, A3 = 0. This class includes all examples of nilpotent Fp-algebra
structures on (Fnp ,+) for n = 2 and all but one for n = 3. Then A has
the Fp-basis (z1, . . . , zn−1, zn) with zizj = φi,jzn, so A is determined by
that basis and the single n× n structure matrix Φ = (φij) satisfying
zzT = Φzn
where zT = (z1, . . . , zn). Then φni = φin = 0 for all i. In this section
we determine the regular subgroups of Affn(Fp) associated to A.
Since A is commutative, the structure matrix Φ is symmetric, hence
defines a quadratic form
xTΦx =
∑
i,j
φijxixj
which is diagonalizable. More precisely (c.f. [BM53], IX, 8), there is
an n− 1×n− 1 invertible matrix Pn−1 (not necessarily orthogonal) so
that setting
P =
(
Pn−1 0
0 1
)
,
PΦP T = diag(d1, d2, . . . , dn−1, 0) = D.
If xxT = Φxn, then
PxxTP T = PΦP Ty = Dy.
So set z = Px. Then zn = xn and with respect to the basis (z1, . . . , zn−1, zn),
A has the structure matrix D:
zzT = Dzn.
We can realize the group T conveniently in
Hol(G) ∼= Affn(Fp) =
(
GLn(Fp) F
n
p
0 1
)
.
by picking the basis (z1, . . . , zn) for G so that
Φ = D = diag(d1, . . . , dn)
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with dn = 0. Let {e1, . . . , e
n} be the standard basis of Fnp corresponding
to the basis {z1, . . . zn} of A = (G,+, ·). Then τ(zi) = Ti is the element
Ti =
(
Li ei
0 1
)
which acts on G = {r =
∑n
i=1 riei : r ∈ F
n
p} embedded as elements
(
r
1
)
in Fn+1p by(
Li ei
0 1
)(
ej
1
)
=
(
ei ◦ ej
1
)
=
(
ei + ej
1
)
for i 6= j
(
Li ei
0 1
)(
ei
1
)
=
(
ei ◦ ei
1
)
=
(
ei + ei + dien
1
)
.
So the columns of the matrix Li are
Li(ej) = ej for j 6= i
Li(ei) = ei + dien
and Li = I + diEn,i, where En,i is the zero matrix except for a single 1
in the (n, i)-component. So for r =
∑n
i=1 riei in F
n
p ,
τ(r) =
(
I +
∑n−1
k=1 En,kdkrk r
0 1
)
in Affn(Fp) for all r in G. (Note that τ is a homomorphism from (G,+)
to Hol(G) only when τ = λ.)
5. Determining the number of Hopf Galois structures
associated to A
In this section we determine the number of Hopf Galois structures on
a Galois extension L/K of fields with Galois group G = (Fnp ,+) that
correspond to certain isomorphism types of nilpotent algebra structures
on G.
To do so, we have
Proposition 5.1. Let A be a nilpotent Fp-algebra structure on A =
(Fnp ,+). Then the number of Hopf Galois structures on L/K corre-
sponding to the isomorphism type of A is equal to
|GLn(Fp)|/|Sta(Θ)|
where T is the regular subgroup of Affn(Fp) corresponding to A and
Sta(T ) = {P ∈ GLn(Fp) :
(
P 0
0 1
)
T = T
(
P 0
0 1
)
.
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This follows by [CDVS06], which showed that two nilpotent Fp-
algebras on (Fnp ,+) are isomorphic if and only if the corresponding
regular subgroups of Affn(Fp) are conjugate by an element of Aut(G) =(
GLn(Fp) 0
0 1
)
in Affn(Fp).
We note that given a regular subgroup T of Affn(Fp) normalized by
λ(G), corresponding to A with A3 = 0, then all of the regular subgroups
in the orbit of T under conjugation by Aut(G) correspond to algebras
A1 isomorphic to A, hence have A
3
1 = 0. Thus all are normalized by
λ(G). Hence by Galois descent, all of those regular subgroups give
rise directly to Hopf Galois structures on a Galois extension L/K with
Galois group G.
The commutative nilpotent Fp-algebra A with A
2 = 0 yields the
classical Galois structure on a Galois extension with Galois group G.
For then Φ = D = 0, and the corresponding regular subgroup T of
Affn(Fp) is λ(G), which is stable under conjugation by every element
of Aut(G), hence yields only the classical Galois structure on L/K.
In this section we determine the number of Hopf Galois structures
when dim(A/A2) = 1, dim(A2) = 1, A3 = 0 and Φ = D 6= 0 by de-
termining the isomorphism types of nilpotent algebras. As always,
G ∼= (Fnp ,+) and p is odd.
The theorem that quadratic forms over a field of characteristic not =
2 can be diagonalized is stronger for a finite field of odd characteristic.
Namely (c.f. [Wi09, Section 3.4.6), there is an invertible matrix P so
that PΦP T = D = diag(Ds, 0), where Ds = diag(1, . . . , 1, s) is k × k
for some k ≤ n, with s = 1 if k is odd, and s is either 1 or any fixed
non-square in Fp when k is even.
In the last section we described the regular subgroup T of Affn(Fp)
corresponding to Φ, where Φ is diagonal. We specialize to the case
where Φ = diag(Ds, 0). Let vs = (r1, r2, . . . , rk−1, srk)
T , v = (r1, r2, . . . , rk−1, rk)
T ,
and w = (rk+1, . . . , rn−1)
T (column vectors of elements of Fp). Then it
is convenient to write elements of T as block matrices of the form
T = {τ(r) =


I 0 0 v
0 I 0 w
vTs 0 1 rn
0 0 0 1

 : r ∈ Fnp}
where the diagonal entries are identity matrices of size k × k, (n− 1−
k)× (n− 1− k), 1× 1 and 1× 1, respectively.
To determine the number of Hopf Galois structures corresponding to
regular subgroups in the orbit of T , we need to find the stabilizer of T
under conjugation by the elements of Aut(G) = GLn(Fp).
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To determine the stabilizer of T , we seek the set of (n+1)× (n+1)
matrices
Q =
(
P 0
0 1
)
in Aut(G) ⊂ Affn(G) so that QTQ
−1 = T , where P in GLn(Fp) has
the form
P =

P11 P12 P13P21 P22 P23
P31 P32 P33


with blocks of the same size as τ(r). Let τ(r′) be another element of
T . We compute Pτ(r) and τ(r′)P and set Pτ(r) = τ(r′)P .
Equating the (11) terms yields that P13 = 0.
Equating the (21) terms yields that P23 = 0.
Equating the (32) terms yields that P12 = 0.
Then equating the (31) terms yields
v′Ts P11 = P33v
T
s .
Equating the (14) terms yields
P11v = v
′.
Equating the (24) terms yields
w′ = P21v + P22w.
Equating the (34) terms yields
t′ = P31v + P32w + P33t.
The (24) and (34) equations define w′ and t′. Setting P33 = q, a
non-zero element of Fp, then from (14) and (31) we have
P T11v
′
s = qvs and P11v = v
′.
Recalling that Ds = diag(1, . . . 1, s), a k × k matrix, then Dsv = vs,
Dsv
′ = v′s. So
P T11Dsv
′ = qDsv,
hence
P T11DsP11v = qDsv.
Thus P is in the stabilizer of T if
P =

P11 0 0P21 P22 0
P31 P32 P33


where
P33 = q is in GL1(Fp);
P32 is 1× (n− 1− k) and arbitrary;
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P31 is 1× k and arbitrary;
P22 is in GLn−1−k(Fp);
P21 is (n− 1− k)× k and is arbitrary; and
P11 is in GLk(Fp) and satisfies P
T
11DsP11 = qDs.
As noted above, by an appropriate change of basis for A, we may
assume that A has a basis for which A has one of the following structure
matrices
1) Φ = diag(Ik, 0) (with Ik the k × k identity matrix) and k is odd;
2) Φ = diag(Ik, 0) and k is even;
3) Φ = diag(Ds, 0) where Ds is the k × k matrix diag(1, . . . , 1, s), k
is even and s is a non-square in Fp.
We may then determine the possible P11 in each of the three cases.
The notation for the orthogonal groups over Fp is from [Wi09], Section
3.7.
Proposition 5.2. For Case 1), let k = 2m+1 and s = 1 (so Ds = I).
There exists a k × k matrix C so that CTC = qI if and only if q is a
square. For each non-zero square number q in Fp, P
T
11P11 = qI if and
only if P11 = CU for U in GO2m+1(Fp).
For Case 2), let k = 2m and s = 1. For all q 6= 0 in Fp, there exists
a k × k matrix C so that CTC = qI. Then P T11P11 = qI if and only if
P11 = CU for U in GO
+
2m(Fp).
For Case 3), let k = 2m and s be a non-square in Fp. For all q 6= 0
in Fp, there exists a k × k matrix C so that C
TDsC = qDs. Then
P T11DsP11 = qDs if and only if P11 = CU for U in GO
−
2m(Fp).
Proof. In Case 1) with k odd, if there exists C so that CTC = qI, then
taking determinants gives det(C)2 = qk, hence q must be a square.
For the rest, it suffices to find the matrix C in each case.
For Case 1), let q = t2, then C = tI satisfies CTC = qI.
For Case 2), let q = f 2 + g2, let Q =
(
f g
−g f
)
and let C =
diag(Q,Q, . . . , Q). Then CTC = qI.
For Case 3), let q = f 2 + g2 and Q as in Case 2). For s a non-
square in Fp, find w and x in Fp so that w
2 + sx2 = q. (If q is a
square, let x = 0, w2 = q; if q is a non-square, let w = 0 and find x
so that sx2 = w, possible because the squares have index 2 in F×p .)
Then R =
(
w sx
x −w
)
satisfies RT
(
1 0
0 s
)
R =
(
q 0
0 sq
)
. Let C =
diag(Q,Q, . . . , Q,R). Then CTDsC = qDs. 
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Corollary 5.3. Let A be a commutative nilpotent Fp-algebra of dimen-
sion n with A3 = 0 and dim(A2) = 1. Suppose the structure matrix of
A is Φ = diag(Ds, 0) where Ds is k × k and
1) k = 2m+ 1, s = 1
2) k = 2m, s = 1
3 k = 2m, s is a non-square in Fp.
Then the number of distinct regular subgroups of Affn(Fp) associ-
ated to A, and hence the number of Hopf Galois structures on L/K
associated to the isomorphism type of A, is
1)
|GLn(Fp)|
(p−1
2
) · |GO2m+1| · |GLn−1−k| · pk(n−1−k)+(n−1)
2)
|GLn(Fp)|
(p− 1) · |GO+2m| · |GLn−1−k| · p
k(n−1−k)+(n−1)
3)
|GLn(Fp)|
(p− 1) · |GO−2m| · |GLn−1−k| · p
k(n−1−k)+(n−1)
The orders of the orthogonal groups are polynomials in p of degree
(k2−2k+3)/2 when k is odd and (k2−k)/2 when k is even (c.f. [Wi09],
p. 72).
6. For n = 2, 3, 4
We compare the counts of Hopf Galois structures in the last section
to the number of Hopf Galois structures found by formal group methods
in [Ch05] for n = 2, 3.
The case n = 2. Let n = 2, k = 1. Then Φ = (1). For P to stabilize
T ,
P =
(
P11 0
P21 P22
)
,
and the number of choices for each submatrix in P is(
|GO1| 1
p p−1
2
)
.
Since GO1 = {(1), (−1)}, the size of the stabilizer of the regular sub-
group is
2 · p ·
p− 1
2
= p(p− 1).
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The order of GL2(Fp) is (p
2 − 1)(p2 − p). So there are p2 − 1 distinct
regular subgroups in the orbit of the regular subgroup corresponding
to Φ.
Since every nilpotent algebra structure A on (F2p,+) has A
3 = 0,
we have counted all Hopf Galois structures on a Galois extension with
Galois group C2p .
The case n = 3.
Subcase: k = 1: The matrix P is in the stabilizer of the regular
subgroup T corresponding to Φ = diag(1, 0) if
P =

P11 0 0P21 P22 0
P31 P32 P33

 ,
all submatrices being 1× 1. So the number of choices for each entry is
|GO1| 1 1p |GL1| 1
p p p−1
2

 .
Then |GO1| = 2 and |GL1| = p− 1, so the size of the stabilizer Sta(T )
is
p3(p− 1)2,
and the orbit has cardinality
|GL3(Fp)|/|Sta(T )| = (p− 1)
3(p+ 1).
Subcase: k = 2, s = 1, Φ = diag(1, 1): The matrix P is in the
stabilizer if
P =
(
P11 0
P21 P22
)
,
where P11 is in GO
+
2 . The number of choices for each submatrix is(
|GO+2 | 1
p2 p− 1
)
,
and |GO+2 | = 2(p− 1), so the size of the stabilizer is
2(p− 1)2p2.
Subcase: k = 2, s a non-square, Φ = diag(1, s): The matrix P is in
the stabilizer if
P =
(
P11 0
P21 P22
)
,
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where P11 is in GO
−
2 . The number of choices for each submatrix is(
|GO−2 | 1
p2 p− 1
)
,
and |GO−2 | = 2(p+ 1), so the size of the stabilizer is
2(p2 − 1)p2.
The number of regular subgroups corresponding to each case is |GL3|
divided by the order of the stabilizer:
For k = 1, the number of regular subgroups is
(p3 − 1)(p+ 1).
For k = 2, s = 1, the number of regular subgroups is
(p3 − 1)p(p+ 1)/2.
For k = 2, s a non-square, the number of regular subgroups is
(p3 − 1)p(p− 1)/2.
These agree with the counts found in [Ch05].
The only isomorphism type of nilpotent algebras A = (F3p,+, ·) with
A3 6= 0 is the algebra with dim(A/A2) = 1. We’ll look at that case in
Section 7, below.
The case n = 4. This case has not previously been looked at.
For n = 4 there are four subcases:
k = 1. Here
P =

P11 0 0P21 P22 0
P31 P32 P33

 ,
where P22 is 2× 2. The number of choices for each submatrix is
|GO1| 1 1p2 |GL2| 1
p p2 p−1
2

 .
So the size of the stabilizer is
2p5(p2 − 1)(p2 − p)(
p− 1
2
).
k = 2, s = 1: Here P11 is 2 × 2. The number of choices for each
matrix is 
|GO
+
2 | 1 1
p2 |GL1| 1
p2 p p− 1

 .
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So the size of the stabilizer is
2p5(p− 1)3.
k = 2, s a non-square. It is the same as the last case except P11 is
in GO−2 , so the size of the stabilizer is
2p5(p− 1)2(p+ 1).
k = 3. Here
P =
(
P11 0
P21 P22
)
where P11 is in GO3, which has order 2p(p
2 − 1), and P22 = (q) where
q is a square. So the order of the stabilizer is
2p(p2 − 1)p3
(p− 1)
2
.
The number of regular subgroups in each case is the order of GL4(Fp)
divided by the orders of the respective stabilizers:
Case number of regular subgroups
k = 1 (p2 + 1)(p+ 1)(p3 − 1)
k = 2, s = 1 p(p2 + 1)(p3 − 1)(p+ 1)2/2
k = 2, s a non-square p(p4 − 1)(p3 − 1)/2
k = 3 p2(p4 − 1)(p3 − 1)
The total number of Hopf Galois structure exceeds p9.
The Hopf Galois structure. Given a Galois extension L/K with
Galois group G ∼= Fnp , if the commutative nilpotent algebra A with
dim(A2) = 1, A3 = 0 has diagonal structure matrix Φ = diag(d1, . . . , dk, 0, . . . , ),
then the regular subgroup T corresponding to D acts on GL by
τ(r)(et) = er◦t = ew
where
w = r + t + (
k∑
i=1
ritidi)xn,
and λ(G) conjugates T by
λ(t)τ(r)λ(−t) = τ(r − r · t)
= τ(r −
k∑
i=1
ritidi)xn).
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7. The case dim(A/A2) = 1
Let L/K be a Galois extension of fields with Galois group Γ an
elementary abelian p-group of order pn, and let G also be an elementary
abelian p-group of order pn. The opposite extreme to Hopf Galois
structures on L/K that arise from nilpotent Fp-algebra structures A =
(G,+, ·) with dim(A/A2) = n−1 are structures that correspond to the
case where dim(A/A2) = 1, that is, where A = 〈x〉 with xn+1 = 0. For
n ≥ 3, to describe these Hopf Galois structures we need to translate
from the holomorph of G to Perm(Γ).
In order that the group (G, ◦) arising from A be isomorphic to Γ, we
require, and will assume, that p > n (c. f. [Ch07], Corollary 2).
To establish notation, let G = (Fnp ,+) and define the primitive nilpo-
tent Fp-algebra structure (A = (F
n
p ,+, ·) on G by picking the standard
basis (e1, . . . , en) for F
n
p , let z = e1 and let ek = z
k for k ≥ 1, and
zn+1 = 0.
The corresponding group structure (A, ◦) is defined by
zi ◦ zj = zi + zj + zi+j ,
and in general by
(
∑
i
riz
i) ◦ (
∑
j
sjz
j) = (
∑
i
riz
i) + (
∑
j
sjz
j) + (
∑
i
riz
i) · (
∑
j
sjz
j).
Let Fp[x] be the polynomial ring in x with coefficients in Fp.
Proposition 7.1. The map y 7→ 1 + y defines an isomorphism from
(A, ◦) to the group (1+x)Fp[x]/x
n+1
Fp[x] of principal units of Fp[x]/x
n+1
Fp[x].
This follows immediately from the definition of the ◦ operation. For
a ◦ b 7→ 1 + a ◦ b = 1 + a+ b+ a · b = (1 + a) · (1 + b).
Then an easy induction argument yields
Proposition 7.2. For all a1, . . . an in (A, ◦),
a1 ◦ a2 ◦ . . . ◦ am 7→ (1 + a1) · (1 + a2) · . . . · (1 + an).
Given (A, ◦) where A = (Fnp ,+, ·), define a map τ : (A, ◦)→ Perm(F
n
p )
by
τ(a)(x) = a ◦ x
for a, x in Fnp . Then τ(a)(0) = a, so the image T ⊂ Perm(F
n
p ) is a
regular subgroup of Perm(G). Also τ is a homomorphism from (A, ◦)
to Perm(Fnp ), because
τ(a)τ(b)(x) = τ(a)(b ◦ x) = a ◦ (b ◦ x) = (a ◦ b) ◦ x = τ(a ◦ b)(x).
Also, τ(a)λ(b) = λ(b+ a · b)τ(a), so T ⊂ Hol(Fnp ).
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Since p > n, (G, ◦) is an elementary abelian p-group with p-basis
z, z2, . . . , zn by Proposition 1 of [Ch07]. So let Γ = (Fnp ,+) have basis
x1, . . . , xn and define ξ : Γ→ (Fp, ◦) by ξ(xi) = z
i for i = 1, . . . , n, and
ξ(
∑
i
rixi) = (r1 ◦ z) ◦ (r2 ◦ z
2) ◦ . . . ◦ (rn ◦ z
n)
where for s in Fp and w in Γ,
s ◦ w = w ◦ w ◦ . . . ◦ w (s factors).
Then ξ is an isomorphism.
Define β = τξ : Γ→ T ⊂ Hol(G). Then β is a regular embedding of
Γ in Hol(G).
To obtain the corresponding Hopf Galois structure on L/K, we con-
struct the embedding α : G→ Perm(Γ) corresponding to β. To do so,
we first define
b : Γ→ G
by b(γ) = β(γ)(0) = τ(ξ(γ))(0) = ξ(γ). So b = ξ is the isomorphism
from Γ to (G, ◦).
Using Proposition 7.2 we can write
b(
∑
i
rixi) = (1 + z)
r1 · (1 + z2)r2 · . . . · (1 + zn)rn − 1 =
n∑
j=1
sjz
j
in (Fnp ,+) for some s1, . . . , sn in Fp.
From b : Γ→ (G, ◦), we define α : Γ→ Perm(G) by
α(g)(γ) = b−1λ(g)b(γ).
Then α(G) is a regular subgroup of Perm(Γ) normalized by λ(Γ). So
the L-Hopf algebra L[α(G)] descends to the K-Hopf algebra H =
L[α(G)]G, which acts on L as follows: if h =
∑
g∈G sgg is in H and
a is in L, then
h(a) =
∑
g∈G
sgb
−1(g−1)(a).
So to understand the Hopf algebra H and its action on L, we need
b−1, where
b(
∑
i
rixi) = (1 + z)
r1 · (1 + z2)r2 · . . . · (1 + zn)rn =
n∑
j=1
sjz
j .
To find b−1, that is, to find r1, . . . , rn in terms of s1, . . . , sn we can use
the logarithm function
logz(1 + w) =
n∑
i=1
(−1)i+1
wi
i
.
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for w in zFp[z]/z
n+1
Fp[z]. Then for w1, w2 multiples of z,
logz((1 + w1)(1 + w2) = logz(1 + w1) + logz(1 + w2).
Applying logz to the equation
(1 + z)r1(1 + z2)r2 · . . . · (1 + zn)rn =
n∑
j=1
sjz
j
yields
n∑
i=1
ri
n∑
k=1
(−1)k+1
k
zik =
n∑
j=1
(−1)i+1
i
(s1z + . . .+ snz
n)i).
Looking at this equation modulo z2, z3, . . ., one can see that r1 =
s1 and there are polynomials fi+1(x1, . . . , xn), gi+1(x1, . . . , xi) for i =
1, 2, . . . , n− 1 so that
ri+1 + fi+1(r1, . . . , ri) = si+1 + gi+1(s1, . . . , si).
By successive substitutions, we find that for i = i, . . . , n,
si = ri + ( polynomial function of r1, . . . , ri−1)
ri = si + ( polynomial function of s1, . . . , si−1).
Thus for any particular n the equations defining b and b−1 can be
determined.
For n = 3 we obtain the only commutative nilpotent Fp-algebra A of
dimension 3, up to isomorphism, that does not have dim(A2) = 1 and
A3 = 0. If we write
r =

r1r2
r3

 , s =

s1s2
s3

 ,
and view b : F3p → F
3
p as
b(r) = s,
then
s = b(r) =

 r1r2 + (r12 )
r3 + r1r2 +
(
r1
3
)

 .
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Then b−1 satisfies
r = b−1(s) =

 s1s2 − (s12 )
s3 − s1s2 + s1
(
s1
2
)
−
(
s1
3
)


=

 s1s2 − (s12 )
s3 − s1s2 + 2
(
s1+1
3
)

 .
To obtain a regular subgroup of Perm(Γ) from β, we define the em-
bedding α : G→ Perm(Γ) by
α(r) = b−1λ(r)b : G→ Perm(Γ).
Thus
α(r)(x) = b−1λ(r)b(x)
= b−1λ(r)

 x1x2 + (x12 )
x3 + x1x2 +
(
x1
3
)


= b−1

 r1 + x1r2 + x2 + (x12 )
r3 + x3 + x1x2 +
(
x1
3
)


=

 r1 + x1r2 + x2 − r212 − r1x1 + r12
f


where
f = r3 + x3 − r1r2 − r1x2 − r2x1
−
r1
3
+
r1x1
2
+
r31
3
+ r21x1 +
r1x
2
1
2
.
This example for n = 3 illustrates that when A3 = 0, so that the
nilpotent algebra A yields a regular subgroup T of Affn(Fp) that is
normalized by λ(G), the resulting Hopf Galois structure is a bit more
transparent than when we need to translate from the holomorph of G
to the permutation group of Γ.
If T is a regular subgroup of Affn(Fp) corresponding to the nilpo-
tent algebra A = (Fnp ,+, ·) with dim(A/A
2) = 1, then T = (Fnp , ◦) is
isomorphic to the group of principal units of Fp[x]/x
n+1
Fp[x]. Suppose
L/K is a Galois extension with Galois group Γ ∼= (Fnp , ◦). Then [Ch07]
determines the isomorphism type of Γ as an abelian p-group and counts
the number of Hopf Galois structures on L/K of type (G,+). If p > n
then Γ ∼= (G,+) and from [Ch05] the number of Hopf Galois structures
arising from A with dim(A/A2) = 1, An+1 = 0 is |GLn(Fp)|/(p
n−pn−1).
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